This paper considers derivatives with payo¤s that depend on a stock index and underlying LIBOR rates. A tra¢ c light option pricing formula is derived under lognormality assumptions on the underlying processes. The tra¢ c light option is aimed at the Danish life and pension sector to help companies stay solvent in the tra¢ c light stress test system introduced by the Danish Financial Supervisory Authorities in 2001. Similar systems are now being implemented in several other European countries.
Introduction
Little attention has been directed towards the pricing of derivatives with payo¤s depending on both a stock index and some benchmark interest rates, even though parts of the banking community are now o¤ering their clients the possibility to invest in such hybrid products. 1 The aim of this paper is to show how European style derivatives with payo¤s, depending on both a stock index and underlying LIBOR rates, can be priced, and special attention will be paid to the pricing of tra¢ c light options …rst introduced in Jørgensen (2007) . The tra¢ c light option is a tailor made derivative aimed at the Danish Life and Pension (L&P) sector to help companies stay solvent in the so-called tra¢ c light scenarios introduced by the Danish Financial Supervisory Authorities (DFSA) in 2001. In short, the tra¢ c light system is a supervision tool that consists of di¤erent scenarios, where both the interest rate level and stock prices fall simultaneously. L&P companies are typically exposed in these scenarios for two reasons. First, the duration is typically much longer on the liability side than on the asset side, making the company exposed to negative shocks to interest rate levels. Second, many L&P companies have issued guarantees on policy holder contributions, which, with the low interest rate levels today, forces the companies to invest in the stock market in order to capture the higher return here. This investment behavior exposes the companies to negative shocks of the stock market. The company is labeled in red light if its base capital cannot stay above a certain critical level (4.5% of the pension obligations) in the scenario where interest rate levels decrease 70 bps, the stock market by 12%, and real estate by 8%. If this happens, the company is strictly monitored by the DFSA and forced to submit monthly solvency reports. The company is labeled in yellow light and required to submit quarterly solvency reports if it is able to stay above the critical level in the red scenario, but not in the yellow scenario, which consists of a 100 bps decrease in interest rates, 30% decrease in the stock market and a 12% decrease in real estate values. Finally, the company is "healthy" and labeled in green light if it stays above the level in the yellow scenario. In the above described scenarios, the tra¢ c light option has a payo¤.
2
It is well known that when the stock market falls, many investors move their investments to "safe harbour" and invest in bonds. This drives the interest rates down, meaning that the option will be very valuable under these cir-1 cumstances. A recent example where this happened was the Wall Street panic in the beginning of January 2008, where sharp drops in the US stock market drove investors to the bond market, and further led the FED to lower the federal funds rate from 4.25% to 3.50% on January 22nd and an extra 0.5%-point on Wednesday the following week. This is an example of a scenario were the tra¢ c light option can help pension companies remain solvent.
The model in Jørgensen (2007) is an extension of the Black-Scholes-Vasicek model, where the benchmark interest rate is determined by the dynamics of the instantaneous short rate, and a closed form solution for the price of the tra¢ c light option is derived. The use of an instantaneous short rate process for the development in interest rates has certain drawbacks. Especially, all zero-coupon bond yields in a one-factor model are perfectly dependent, making this setup less ‡exible. Basing a model on instantaneous rates further introduces problems from a practical perspective, since observed market rates are quoted on a discrete time basis. Among other things, this lack of ‡exi-bility led to the development of the LIBOR market model in 1997 by Brace, Gatarek and Musiela (1997), Miltersen, Sandmann, and Sondermann (1997) and Jamshidian (1997) . The LIBOR market model has been applied in several papers, but the pricing of hybrid products in a LIBOR market framework has not been studied. The market has adopted the LIBOR market model and it is now the preferred setup for many practical purposes. This paper has two contributions: First, a closed form solution for the traf…c light option price is derived, in the case where the underlying rate is some LIBOR rate. The closed form derivation is possible under lognormal distributional assumptions on the underlying processes. This closed form solution is new. Second, under more general assumptions and more advanced payo¤s, one will be forced to use Monte Carlo simulation in order to price correlation derivatives. A pricing approach in these cases is presented and it is done under the spot LIBOR measure introduced in Jamshidian (1997) . This is the equivalent martingale measure which corresponds to a discrete bank account as the numeraire. The method is applied to price a variant of a derivative issued by BNP Paribas called the EUR Sage Note, which has a payout similar to the ones seen in various structured products. The market for structured products has exploded in recent years. The volume of new issuances of stuctured products in the US amounted to USD 28 billion in 2003 and have risen to over 100 billion dollars in 2007.
3 A major part of these structured products has a payment pro…le that depends on both the performance of a stock index and one or more interest rates.
In Section 2, we set up the model, and the price of the tra¢ c light option is derived in the lognormal setting. A pricing approach for more general payo¤s 2 is also presented. Then numerical implementation of the closed form solution and with Monte Carlo simulation is performed in Section 3. The illustration of the Monte Carlo implementation is obtained via the pricing of the EUR Sage Note, but it is straightforward to apply the approach to other payo¤s.
Model
In this section, a framework for modelling derivatives with payo¤s depending on both an underlying LIBOR rate and an underlying stock index is de…ned.
It is assumed that a set of settlement dates is given,
This is known as the tenor structure. Later, in the Monte Carlo implementation, it is assumed that the length between two tenor dates is …xed (i.e.,
The existence of a …ltered probability space ; F; fF t g t 0 ; P with the physical probability measure P is assumed. It is also assumed that at time zero and for each tenor date T j , the price of a zero coupon bond maturing at that date B (0; T j ) is given. And …nally, all the standard assumptions of e¢ cient and perfect markets are assumed. We start by introducing the LIBOR rate L i (t) de…ned by
L i (t) is the prevailing simply compounded forward rate from T i to T i+1 as seen at time t. Let Q T denote the equivalent martingale measure (EMM) corresponding to the numeraire B (t; T ). Then it is seen from (1) that the process L i is a martingale under the forward measure Q T i+1 = Q i+1 due to the First Fundamental Theorem of Asset Pricing. 4 Assuming a continuous evolution gives rise to the LIBOR rate dynamics
where (t; T i ) is some (multivariate) stochastic process and W i+1 is a (multivariate) Wiener process under Q i+1 . In the lognormal LIBOR market model, the di¤usion term is given by (t; T i ) = L i (t) i (t) for some deterministic 4 Delbaen and Schachermayer (1998). 3 function i (t) such that the dynamics take the form
In this setup, the pricing of a T i -claim C (S (T 0 ) ; :::; S (T i ) ; L 0 (T 0 ) ; :::; L n (T i )) is considered, where S is some stock index and i n. 5 We know from the Fundamental Theorem of Asset Pricing that under the assumption of no arbitrage possibilities, an EMM Q N exists, so that the price is given by
where N is a positive price process. Here the question of what numeraire N to choose (or equivalently what EMM Q N ) naturally arises. An obvious choice is to let the numeraire be the zero-coupon bond maturing at time T n+1 , since we know that L n is a martingale under this measure with dynamics given by (2) . With this choice the problem of …nding the dynamics of S and all the other LIBOR rates under this measure remains. So when the payo¤ is more complex, it is convenient to choose another numeraire. One possibility is to use the discrete savings account, which is dealt with later in the paper. First, a price formula for the tra¢ c light option is derived using the T n+1 zero-coupon bond as numeraire.
Valuation of the tra¢ c light option under the forward measure
In this section, the valuation of the tra¢ c light option with T n+1 -payo¤ given by
is considered. 6 Choosing the zero-coupon bond maturing at time T n+1 as numeraire is very convenient. Inserting in (3) results in
. (5) Since we are working in the lognormal forward model, the LIBOR rate L n (t) is lognormal under its own measure. The stock index dynamics under the forward measure will depend on the instantaneous development in the zero coupon bond maturing at time T n+1 . In our setup this instantaneous development is inconvenient to model, but from the Fundamental Theorem of Asset Pricing, we know that the discounted stock index process
is a martingale, inducing that it is driftless. It is also noticed that
is actually the forward stock price by the no-arbitrage assumption. Assuming lognormality of the forward stock price process
leaves us with the two stochastic di¤erential equations
where dW
(t) = t dt and both t and t are deterministic functions of time. The volatility t of the discounted asset price process can be derived from market prices on ordinary European call options, since a closed 6 It may seem strange that the claim is paid at time T n+1 since the LIBOR rate is known at time T n . The reason for this is a technicality coming from the fact that the numeraire, under which the LIBOR rate L n is a martingale, is the T n+1 zero-coupon bond, and we want to use that the time T n+1 -value of this is known at any point in time. This construction is also observed in the market for caplets and ‡oorlets.
form solution given by a Black-76 formula exists.
where
By assuming lognormality of the forward stock price process, the volatility of this process can be derived from quoted prices by inversion of (7).
The main result of this section and the …rst contribution in the paper is given in the Proposition below, where a closed form solution for the price of the tra¢ c light option is stated.
Proposition 1 Under the assumptions in this section the time t value of the tra¢ c light option with T n+1 -payo¤ (4) is given by
6
, and M ( ; ; ) is the standardized bivariate normal distribution function with correlation coe¢ cient .
Proof of the Proposition can be found in Appendix A.
In the tra¢ c light option pricing formula, the bivariate normal distribution has to be evaluated. Several routines exist for this and the one used in this paper can be downloaded from the MatLab central …le exchange. 
Valuation of general correlation derivatives under the spot measure
It is well known that the drift of any asset under the risk neutral measure equals the instantaneous risk free rate r t , and often dynamics of the form
is assumed, with corresponding time t value S t = S 0 e
. However, this is not practical since it involves instantaneous rates, and it is more tractable sticking to the LIBOR rates. It is more convenient to …nd some discrete rate version of the dynamics (9) . Instead of using the continuously compounded bank account as the numeraire, the discretely compounded analog introduced by Jamshidian (1997) can be used. The discrete bank account can be represented by a rolling over strategy. Start with one dollar at time 0 and invest in . Invest this amount in bonds which mature at the next tenor date T 1 and continue this strategy until time t. The value of this self …nancing strategy 7 http://www.mathworks.com/matlabcentral/…leexchange. 7 at any time t is given by
where i (t) = inf fk j T k 1 t < T k g. It is the value of the trading strategy at time T i(t) , which is then discounted back to time t by multiplying with B t; T i(t) . For T 0 = 0 and t = T k for some k, the discrete bank account
Assuming that the bond prices have dynamics
under some underlying probability measure, then using Itô's lemma on
Again, it is seen that the dynamics involve instantaneous drift and di¤usion terms from the bond dynamics. Modelling this can be avoided by letting the claims that have to be priced be tied to the settlement dates of the LIBOR rates, which is not a restrictive assumption.
Determining the discretely compounded analog of the asset price process directly reveals
Using the discrete bank account as numeraire, The First Fundamental Theorem of Asset Pricing dictates that there exists an equivalent measure Q d , so the discounted asset price process
and from (10) and (13) it is seen that the de…ned asset price process discounted
(by construction) has the martingale property.
When pricing under the spot LIBOR measure, the dynamics of the LIBOR rates L i for i = 1; :::; n have to be found in order to calculate the expectation
These dynamics are derived in Jamshidian (1997) .
Proposition 2 (Dynamics of the LIBOR rates under the spot LIBOR measure) 9 The dynamics of the LIBOR rates in the lognormal forward LIBOR model under the spot LIBOR measure is given by
where W Now claims contingent on both a stock index and LIBOR rates can be priced.
Notice how the model is only completely determined on the tenor dates of the LIBOR rates. A discretization is needed between tenor dates. This can be seen from equation (14) , where the time t price depends on the discrete bank account at time t. If the time t price of the derivative is needed, and since we do not want to involve the instantaneous development in the discrete bank account, a simple linear interpolation between the two nearest tenor dates is suggested to get B d (t). 
Instantaneous volatilities and correlation
When evaluating equation (14), the simultaneous distribution of the various stochastic variables under the expectation is needed, and this is in general not possible to …nd analytically, meaning that the evolution in the corresponding processes has to be implemented by simulation. Here, the instantaneous correlations between the di¤erent LIBOR rates and the stock index are a fundamental issue, when the simulation is implemented. The correlation matrix 9 Here, the Proposition is stated in the 1-dimensional version. For a version where all the individual LIBOR rates are allowed to be driven by multivariate Browninan components and a complete proof, the reader is refered to Jamshidian (1997) . A nice sketch of the proof is given in Glasserman (2004) . 10 This is also suggested in Jamshidian (1997 dt, (16) where the correlations generally can be stochastic processes.
In the implementation, correlations between the LIBOR rates are described by deterministic functions depending on the length between the corresponding tenor dates, T i ; T j . With correlations involving the stock index, the dependence is on the length between time t and the corresponding tenor date of the LIBOR rate T i .
For our purpose, it is satisfactory to specify the instantaneous volatility of the LIBOR rates following Rebonato (2002) p. 159 as
and he argues that the functional form of f
is ‡exible enough to capture desirable criteria such as being hump shaped.
11
The instantaneous correlation matrix between the LIBOR rates should ful…ll four criteria. Namely:
(1) Symmetry: i;j = j;i 8i; j. Further, I will model it as a time homogeneous function for T i ; T j > t and i 6 = j. A simple correlation function that satis…es the requirements above is
where > 0.
The only missing aspect now is how to specify the volatility of the stock index, and how it correlates with the LIBOR rates. For simplicity, I will let the 11 Rebonato (2002) volatility be constant ( s = ). It is reasonable to let the Wiener process for the stock index W d S (t) be correlated most with the LIBOR rates with shortest distance to maturity T i t. A convenient form is
where > 0. Positive values of give rise to negative correlations and vice versa. This speci…c choice of function ensures correlations between 1 and 1, and if more ‡exibility is needed, additional parameters can be included inside the brackets in (19). Of course, for T i < t the LIBOR rate has matured and the correlation is set to zero.
Numerical Implementation
Valuation of (14) is done in this section, and in the …rst part the T n+1 -claim given by
is considered. This resembles the payout in Jørgensen (2007) and is illustrated in Figure 1 . The only di¤erence is that the payout is tied to a LIBOR rate instead of some benchmark interest rate depending on the instantaneous short rate process. Notice, also, that since the LIBOR rate sets 6 months prior to expiry, the tra¢ c light option reduces to a plain vanilla equity put option the …nal 6 months. The volatility structure of the LIBOR rates is assumed to have the form and it is illustrated in Figure 2 .
Let the coe¢ cient in (18) be given by = 0:1 as illustrated in Figure 3 .
What the correct values are for the and parameters in the function for measuring the correlation between the stock index and the LIBOR rates (19) is depicted with = = 1.
in equation (19) is unclear, but setting and equal to one yield realistic levels for the correlation as seen in Figure 4 . Table 1 illustrates instantaneous correlation values as a function of both , and the distance to maturity T i t of the corresponding LIBOR rate. The …rst observation is that the correlation is a decreasing function of distance to maturity for this particular choice of correlation function. This is also a reasonable property. It is the rate maturing nearest from now that reacts most to the market information also driving the stock market. The parameter controls the level of the correlation and higher absolute values of this parameter increases the absolute correlation across maturities, though not in a parallel way. The parameter controls the curvature of the function. This is also clear from looking at the table, where it is seen that the absolute decrease in correlation as distance to maturity increases is highest for small values of . Or loosely stated, the starting point of the function in Figure 4 shifts closer to zero for higher values.
Pricing of The Tra¢ c Light Option with Proposition 1
In Figure 5 , the price of the tra¢ c light option is found with Proposition 1, and depicted as a function of the stock price and the LIBOR rate at time zero. In Figure 6 , the in ‡uence of the correlation on the price is illustrated. All parameters are set as mentioned under the Figures and the instantaneous LIBOR rate volatility in the calculations is speci…ed as in Figure 2 .
From Figure 5 , it is seen how the tra¢ c light option value is a decreasing function of both the stock index price and the initial value of the LIBOR rate, which was also expected from the speci…cation of the payout function.
Further, it is seen that the option value converges towards zero, when the underlying variables move further out-of-the money, and the value is highest for the underlying variables deep in-the money. Table 1 The instantaneous correlation between the stock index and the LIBOR rates for various values of , and for three di¤ erent values of distance to maturity of the rates. prisingly) how the price is increasing in correlation. With higher correlation, there is a higher probability of realizing simultaneous drops in both the stock index and the LIBOR rate which re ‡ects in a higher option price. It is clearly con…rmed from the Figure, how the correlation choice is a very important issue when the tra¢ c light option is priced. The di¤erence between the highest and the lowest price is as much as 260% of the zero-correlation price.
In Table 2 , the dependence of the price of an "at the money" tra¢ c light option is shown with respect to the instantaneous correlation and time to maturity of the option.
For example, when time to maturity is 3 years, then it means that the underlying LIBOR rate matures after 2 1 2 years. From the Table, the same relationship as depicted above is seen: The correlation has a positive e¤ect on the price of the option. With respect to time to maturity, it is seen that the price reaches its maximum somewhere between 5 and 15 years for various correlation levels, and as time to maturity converges towards in…nity, the price converges towards zero. This hump-shaped behavior as a function of time to maturity is also shared with individual ‡oorlet end put option prices in this model, so the fact that it is seen with respect to the tra¢ c light option is not surprising. Table 2 Tra¢ c light option prices 100 for various parameter values of the instantaneous correlation and time to maturity. The rest of the parameters are set to: S 0 = S = 100; L n (0) = L = 0:04; = 0:5; s = 0:2 and the LIBOR rate volatility as in Figure  2 . The initial term structure is assumed ‡at.
Pricing with simulation
In practice it is possible to price any European type T i -payo¤ given by C (S (T 0 ) ; :::; S (T i ) ; L 0 (T 0 ) ; :::; L n (T i )) by simulation. In this section a multifactor model is implemented.
12 Illustration of the model is performed via the pricing of a hybrid derivative issued by BNP Paribas and known as the EUR Sage Note with a maturity of T n = 15 years and with a yearly coupon payment given by
where the gearing k i is high if the EuroStoxx 50 price index performs well, bene…tting investors who believe that the equity market will rise. 13 The gearing is given by the relation
The coupon is the spread between a long and a short LIBOR rate geared by k i , ‡oored by 1% and capped by 8%. The rationale underlying an investment in a product like this is that the gearing is higher than what can be achieved with a normal steepener for the same price if the equity market rises substantially. Payments similar to this form is being increasingly used in the construction of structured products. The pricing is performed under the spot LIBOR measure.
In a simulation of the LIBOR rates, the …rst choice is to …x a time grid of future time points over which to simulate 0 = t 0 < t 1 < < t m < t m+1 . In this time grid, it is convenient to let the tenor dates T 0 < T 1 < < T n be a subset. Further, by letting the time di¤erence between two simulation points be constant (t j+1 t j = ), the notation is reduced.
Simulating the LIBOR rates with an Euler scheme on log b
and Z 1 ; :::; Z m+1 independent N (0; 1) random variables. In the equations above, the hats have been added to clarify that the continuous LIBOR rates have been discretized. The simulation is initialized with (1) by setting
The value of the bank account at maturity T n can be derived from the simulation of the LIBOR rates using (10) . The …nal variable to simulate is the stock
s ds can be simulated with the scheme
And …nally, correlation is achieved by simulating at every time step from an (n + 1)-dimensional normal distribution with correlation matrix (16), and then use these normal variables in the discretizations above.
By the use of the discretizations above, the time zero price of the derivative
can then be approximated with Monte Carlo simulation.
14 See Glasserman (2004) for more details. Figure 2 and the initial term structure is assumed ‡at with all the LIBOR rates equal to 0:04.
In Figure 7 , a plot of the hybrid derivative price is graphed as a function of the parameters and controlling the correlations. In the simulation, the time intervals between the tenor dates are set constant equal to one half year ( i = 0:5) and the time step used in the Euler discretization is a quarter of a year ( = 0:25).
15 Finally, each point in the graph is calculated with 200; 000 replications. The value of the derivative is highest for high values of and low values of when > 0. This is explained with Table 1 , where it is seen that low values of induce that the stock index correlates (in absolute value) more with the LIBOR rate in the short end. For positive values of , this results in negative correlations. This in turn induces ceteris paribus that the probability is higher of observing high returns on the stock market in combination with a greater decrease in rates in the short end than in the long end.
16 All together, this results in higher expected coupon payments on the EUR Sage Note giving rise to a higher price. For < 0, the e¤ect of is opposite, since a low value of here entails that positive movements in the stock market in ‡uence positively short rates more than long rates. This makes the realization of negative spreads in combination with high stock market returns more likely, which again produces lower expected coupon payments. It is also observed that is the most signi…cant variable. From Table 1 , it is also clear that is the most in ‡uential correlation parameter.
Not all values of and are allowed in the simulation, since the correlation matrix (16) has to be positive semide…nite. This is the reason why the and axes in Figure 7 do not cover the same intervals as in Table 1 .
Conclusion
In the paper, it was shown how the pricing of a new type of derivatives known as correlation/hybrid derivatives with payo¤s depending on both a stock index and some LIBOR rates can be implemented in a LIBOR market model framework. The main advantage of using a LIBOR market framework is that the pricing is based on observable market quantities which makes the model easy to calibrate.
In some cases, a closed derivative pricing formula exists and the …rst contribution of this paper was the derivation of an analytically closed solution for the price of the tra¢ c light option, when the underlying discounted stock price process and LIBOR rate are assumed lognormal under the forward measure. It was shown how the price of the derivative is a decreasing function of the initial value of the underlying variables, and it was illustrated how the correlation between the stock index and the LIBOR rate is of major importance. This is also the key obstacle when using Proposition 1, where all the parameters can be extracted from observed market data except for the correlation. The correlation between stocks and LIBOR rates is thus a natural research question to delve further into.
It was shown how the pricing of general correlation derivatives can be performed under the spot LIBOR measure. The dynamics of the stock index under this measure were derived, which to the knowledge of the author, is new. In many cases, pricing has to be done by Monte Carlo simulation, and the implementation of the model was illustrated via the pricing of a hybrid product known as the EUR Sage Note. Payments of this form are used extensively in the construction of structured products, and the approach described in this paper can be used for the pricing of these payo¤s.
A Proof of Proposition 1
PROOF. Under the forward measure Q n+1 conditioned on F t both
and L n (T n ) are lognormally distributed meaning that Rewriting the expectation for the payo¤ (5) results in; The …rst equality is obvious, the third holds because e S and e L are both measurable with respect to F t and the fourth holds because of the independence between the variables and the -algebra. Now collecting all the terms, and observing that for our particular claim y , the desired result is achieved.
